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ON THE SUM RELATION OF MULTIPLE HURWITZ ZETA
FUNCTIONS
CHAN-LIANG CHUNG
Abstract. In this paper we shall define a special-valued multiple Hurwitz zeta func-
tions, namely the multiple t-values t(α) and define similarly the multiple star t-values
as t⋆(α). Then we consider the sum of all such multiple (star) t-values of fixed depth
and weight with even argument and prove that such a sum can be evaluated when the
evaluations of t({2m}n) and t⋆({2m}n) are clear. We give the evaluations of them in
terms of the classical Euler numbers through their generating functions.
1. Introduction and Statement of the Main Result
Let α = (α1, α2, . . . , αk) be a k-tuple positive integer, we define the multiple t-values
of depth k [3, 4] by
t(α) = t(α1, α2, . . . , αk) =
∑
1≤j1<j2<···<jk
1
(2j1 − 1)α1(2j2 − 1)α2 · · · (2jk − 1)αk ,
which is equal to the multiple Hurwitz zeta functions 2−|α|ζ(α1, . . . , αk;−12 , . . . ,−12) hav-
ing weight |α| = α1+α2+ · · ·+αk. Let ({a}n) be the string (a, a, . . . , a) for any positive
integer a. It is straightforward that
1 +
∞∑
n=1
t({m}n)xmn =
∞∏
j=1
(
1 +
xm
(2j − 1)m
)
.
Similarly, we can define the multiple star t-values of depth k and weight |α| by
t⋆(α1, α2, . . . , αk) =
∑
1≤j1≤j2≤···≤jk
1
(2j1 − 1)α1(2j2 − 1)α2 · · · (2jk − 1)αk .
The only change consists in considering the non-strict inequalities under the summation
sign. The generating function of t⋆({m}n) is given by
∞∏
j=1
(
1− x
m
(2j − 1)m
)−1
.
That is,
1 +
∞∑
n=1
t⋆({m}n)xmn =
∞∏
j=1
(
1− x
m
(2j − 1)m
)−1
.
In this paper, we consider the sum of all multiple t-value of depth k and weight mn with
argument m ≥ 2 as
T (mn, k) =
∑
|α|=n
t(mα1, mα2, . . . , mαk).
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This is equivalent to
2mnT (mn, k) =
∑
|α|=n
ζ
(
mα1, mα2, . . . , mαk;−1
2
,−1
2
, . . . ,−1
2
)
,
and we put
T ⋆(mn, k) =
∑
|α|=n
t⋆(mα1, mα2, . . . , mαk).
There is a simple connection between the evaluations of T (mn, k) and T ⋆(mn, k) and it
could be done by a combinatorial argument that is essentially the same as the proof of
Lemma 1 in [2].
Lemma 1.1. For positive integers k ≤ n and m ≥ 2, we have
T ⋆(mn, k) =
k∑
r=1
(
n− r
k − r
)
T (mn, r).
Next we prove that the evaluations of T (mn, k) and T ⋆(mn, k) are based on the eval-
uations of multiple t-value t({m}p) and star t-value t⋆({m}q).
Theorem 1.2. For positive integers k ≤ n and m ≥ 2, we have
T (mn, k) =
n∑
p=k
(−1)p−k
(
p
k
)
t({m}p)t⋆({m}n−p)
and
T ⋆(mn, k) =
n∑
q=k
(−1)n+q
(
q
k
)
t({m}n−q)t⋆({m}q).
By Theorem 1.2 and the evaluations of ζ({2}n) and ζ⋆({2}n) in terms of the classical
Euler numbers given in Section 3 (formulas (3.1) and (3.2)), we have for positive integers
k ≤ n,
T (2n, k) =
(−1)n−kπ2n
4n(2n)!
n∑
p=k
(
2n
2p
)(
p
k
)
E2n−2p;
T ⋆(2n, k) =
(−1)nπ2n
4n(2n)!
n∑
q=k
(
2n
2q
)(
q
k
)
E2q.
(1.1)
On the other hand, by Lemma 1.1 we also have
T ⋆(2n, k) =
k∑
r=1
(
n− r
k − r
)
T (2n, r)
=
(−1)nπ2n
4n(2n)!
k∑
r=1
(−1)r
(
n− r
k − r
) n∑
p=r
(
2n
2p
)(
p
r
)
E2n−2p.
Therefore there is an Euler-numbers identity behind the two evaluations of T ⋆(2n, k):
k∑
r=1
(−1)r
(
n− r
k − r
) n∑
p=r
(
2n
2p
)(
p
r
)
E2n−2p =
n∑
q=k
(
2n
2q
)(
q
k
)
E2q.
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Additionally, we list the evaluations of T (4n, k) and T ⋆(4n, k) as follows
T (4n, k) =
(−1)nπ4n
4n(4n)!
n−k∑
p=0
(−1)p+k
4p
(
n− p
k
)(
4n
4p
) ∑
ℓ1+ℓ2=p
(−1)ℓ1
(
4p
2ℓ1
)
E2ℓ1E2ℓ2 ;
T ⋆(4n, k) =
(−1)nπ4n
4n(4n)!
n∑
q=k
(−1)q
4q
(
q
k
)(
4n
4q
) ∑
ℓ1+ℓ2=q
(−1)ℓ1
(
4q
2ℓ1
)
E2ℓ1E2ℓ2 .
2. Proof of Theorem 1.2
Following [1], for two real variables y and z, we form the infinite product
Tm(x; y, z) =
∞∏
n=1
(
1 +
yxm
(2n− 1)m
)(
1− zx
m
(2n− 1)m
)−1
.
Notice that the right hand side of above product are the product of two generating
functions of ynt({m}n) and znt⋆({m}n), respectively.
Proof of Theorem 1.2. It is easy to see that
Tm(x; y, z) = 1 +
∞∑
n=1
∑
p+q=n
ypzqt({m}p)t⋆({m}q)xmn,
here in convention we let t({m}0) = t⋆({m}0) = 1.
On the other hand, we obtain
Tm(x; y, z) =
∞∏
n=1
[
1+(y + z)
xm
(2n− 1)m + z(y + z)
x2m
(2n− 1)2m + · · ·
+ zk−1(y + z)
xkm
(2n− 1)km + · · ·
]
,
or
Tn(x; y, z) = 1 +
∞∑
n=1
n∑
r=1
zn−r(y + z)rT (mn, r)xmn.
This implies immediately that
n∑
r=1
zn−r(y + z)rT (mn, r) =
∑
p+q=n
ypzqt({m}p)t⋆({m}q).(2.1)
Applying the differential operator (∂k/∂yk) to the both sides of above equation and then
setting y = −1, z = 1 to get
k!T (mn, k) =
∑
p+q=n
p!
(p− k)!(−1)
p−kt({m}p)t⋆({m}q).
Hence our first assertion of Theorem 1.2 follows.
If we apply the differential operator (∂k/∂zk) to the both sides of equation (2.1) and
take y = 1, z = −1 afterwards, then
k∑
r=1
(
n− r
k − r
)
(−1)n−kT (mn, r) =
∑
p+q=n
(−1)q−k
(
q
k
)
t({m}p)t⋆({m}q).
By Lemma 1.1, we obtain the second assertion. 
Taking values y = 0 and z = 1 into equation (2.1) gives the following result.
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Corollary 2.1. For a pair of positive integers n,m with m ≥ 2, we have
t⋆({m}n) = T (mn, 1) + T (mn, 2) + · · ·+ T (mn, n).
3. Evaluations of t({2m}n) and t⋆({2m}n)
Theorem 1.2 says that the formula of T (2mn, k) can be deduced directly from the
evaluations of t({2m}n) and t⋆({2m}n). J. Zhao [4] gave the evaluation of t({2}n) for
any positive integer n as follows
t({2}n) = π
2n
4n(2n)!
.(3.1)
Then he used the theory of symmetric functions established by M. Hoffman [2] to calculate
that
t⋆({2}n) = (−1)
nE2nπ
2n
4n(2n)!
,(3.2)
and for positive integers k ≤ n,
T (2n, k) =
(−1)n−kπ2n
4n(2n)!
n−k∑
ℓ=0
(
n− ℓ
k
)(
2n
2ℓ
)
E2ℓ,
where E2n is the 2n-th Euler number defined by
sec x =
∞∑
n=0
(−1)nE2n
(2n)!
x2n for |x| < π
2
.
This is equivalent to the formula given by (1.1) in Section 1.
According to the parity of m, we divide the general evaluations of t({2m}n) by two
cases.
Proposition 3.1. For positive integers n and m with m ≥ 3 odd, we let wm = e 2piim and
have
t({2m}n) = π
2mn
2m−1(2mn)!
(m−1)/2∑
k=1
∑
0≤j1<j2<···<jk≤m−1
(wj1m + w
j2
m + · · ·+ wjkm )2mn.
Proof. For x 6= 0 and |x| < 1, we have
1 +
∞∑
n=1
(−1)nt({2m}n)x2mn =
∞∏
j=1
(
1− x
2m
(2j − 1)2m
)
=
∞∏
j=1
(
1− x
2m
j2m
)/(
1− x
2m
(2j)2m
)
.
Note that
∞∏
j=1
(
1− x
2m
j2m
)
=
∞∏
j=1
m−1∏
k=0
(
1− (w
k
mx)
2
j2
)
=
m−1∏
k=0
sin (wkmπx)
wkmπx
=
1
(πx)m
m−1∏
k=0
sin (wkmπx).
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Let y = πx/2. Thus,
∞∏
j=1
(
1− x
2m
j2m
)/(
1− x
2m
(2j)2m
)
=
m−1∏
k=0
cos (wkmy).
We express the product of cosine functions into a linear combination of cosine functions
as
1
2m−1
∑
εj=±1, 1≤j≤m−1
cos (wm−1m + ε1w
m−2
m + · · ·+ εm−1)y.
It can be rewritten as
1
2m−1
(m−1)/2∑
k=1
∑
0≤j1<j2<···<jk≤m−1
cos (2y(wj1m + w
j2
m + · · ·+ wjkm )),
or
1
2m−1
(m−1)/2∑
k=1
∑
0≤j1<j2<···<jk≤m−1
cos (πx(wj1m + w
j2
m + · · ·+ wjkm)),
since wmm = 1 and for m ≥ 3 that wm−1m + wm−2m + · · · + wm + 1 = 0. Extracting the
coefficient of x2mn from the expression leads to the evaluation of t({2m}n). 
Proposition 3.2. For positive integers n and m with m ≥ 2 even, we let w = w2m = e 2pii2m
and have
t({2m}n) = (−1)
nπ2mn
22mn+m−2(2mn)!
Re
(∑
ε∈A
(wm−1 + ε1w
m−2 + · · ·+ εm−1)2mn
)
,
where ε = (ε1, ε2, . . . , εm−1) and for each 1 ≤ j ≤ m−1 we have either εj = 1 or εj = −1.
Here A is the set of elements of the form wm−1+ε1w
m−2+· · ·+εm−1 such that the number
of −1 in ε is even.
Proof. As in the proof of Proposition 3.1, we have
1 +
∞∑
n=1
(−1)nt({2m}n)x2mn =
∞∏
j=1
(
1− x
2m
(2j − 1)2m
)
=
m−1∏
k=0
cos (wky),
where y = πx/2. Now we express the product of cosine functions into a linear combination
of cosine functions
m−1∏
k=0
cos (wky) =
1
2m−1
∑
εj=±1, 1≤j≤m−1
cos (wm−1 + ε1w
m−2 + · · ·+ εm−1)y.
It immediately follows that
t({2m}n) = (−1)
n
2m−1
∑
εj=±1, 1≤j≤m−1
(−1)mnπ2mn
(2mn)!22mn
(wm−1 + ε1w
m−2 + · · ·+ εm−1)2mn.(3.3)
For any Bj = w
m−1 + ε1w
m−2 + · · ·+ εm−1 ∈ Ac, where Ac denote the complement of the
set A. If εm−2 = 1, then
−Bj = wm2
(
w
m
2
−1 + εm−3w
m
2
−2 + · · ·+ ε1w2−m2 + w1−m2 + iεm−1
)
= wm−1 + εm−3w
m−2 + · · ·+ ε1w2 + w − εm−1.
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It implies −Bj ∈ A since the number of −1 in εm−3, εm−4, . . . , ε1, 1,−εm−1 is even.
If εm−2 = −1, then
Bj = −wm2
(−wm2 −1 + εm−3wm2 −2 + · · ·+ ε1w2−m2 + w1−m2 + iεm−1)
= wm−1 − εm−3wm−2 − · · · − ε1w2 − w + εm−1.
Since the number of −1 in −εm−3,−εm−4, . . . ,−ε1,−1, εm−1 is even, we have Bj ∈ A.
Thus, there is a one-to-one corresponding from Ac to A. Let A = {A1, A2, . . . , A2m−2}
and Ac = {B1, B2, . . . , B2m−2}, then∑
εj=±1, 1≤j≤m−1
(wm−1 + ε1w
m−2 + · · ·+ εm−1)2mn
=
2m−2∑
j=1
(A2mnj +B
2mn
j )
=
2m−2∑
j=1
(A2mnj + Aj
2mn
)
= 2Re
(∑
ε∈A
(wm−1 + ε1w
m−2 + · · ·+ εm−1)2mn
)
.
From which and (3.3) our assertion follows. 
By Proposition 3.1 and 3.2, it immediately follows for any positive integer n that
t({4}n) = π
4n
4n(4n)!
, t({6}n) = 3π
6n
4 · (6n)! and
t({8}n) = π
8n
2 · (8n)!
[(
1 +
1√
2
)4n
+
(
1− 1√
2
)4n]
.
There is also a slight difference when m is even or odd in the general formula of
t⋆({2m}n).
Proposition 3.3. For positive integers n,m with m odd, we have
t⋆({2m}n) = (−1)
nπ2mn
22mn
∑
|ℓ|=mn
m−1∏
j=0
E2ℓj
(2ℓj)!
w2jℓj+1m ,
where wm = e
2pii
m and the summation ranges over all nonnegative integers ℓ1, ℓ2, . . . , ℓm
such that ℓ1 + ℓ2 + · · ·+ ℓm = mn.
Proof. It is straightforward that
1 +
∞∑
n=1
t⋆({2m}n)x2mn =
∞∏
j=1
(
1− x
2m
(2j − 1)2m
)−1
=
∞∏
j=1
(
1− x
2m
j2m
)−1/(
1− x
2m
(2j)2m
)−1
.
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Let wm = e
2pii
m . Note that
∞∏
j=1
(
1− x
2m
j2m
)−1
=
∞∏
j=1
m−1∏
k=0
(
1− (w
k
mx)
2
j2
)−1
= w
m(m−1)
2
m (πx)
m
m−1∏
k=0
csc (wkmπx).
Thus we have
1 +
∞∑
n=1
t⋆({2m}n)x2mn =
m−1∏
k=0
sec
(
wkmπx
2
)
.
Comparing the coefficient of x2mn of the above equation gives the desired evaluation of
t⋆({2m}n) for m is odd. 
Proposition 3.3 implies that, in particular when m = 1, the formula (3.2). In addition,
we have
t⋆({6}n) = (−1)
nπ6n
26n
∑
|ℓ|=3n
E2ℓ1E2ℓ2E2ℓ3
(2ℓ1)!(2ℓ2)!(2ℓ3)!
(
−1
2
+
√
3
2
i
)2ℓ2+4ℓ3
.
Proposition 3.4. Let w = e
2pii
2m . For positive integers n,m with m even, we have
t⋆({2m}n) = π
2mn
22mn
∑
|ℓ|=mn
m−1∏
j=0
E2ℓj
(2ℓj)!
w2jℓj+1.
Proof. As in the proof of Theorem 3.3, we have
1 +
∞∑
n=1
t⋆({2m}n)x2mn =
m−1∏
k=0
sec
(
wkπx
2
)
,
where w = e
2pii
2m in this case. From which we extract the coefficient of x2mn to obtain the
desired evaluation of t⋆({2m}n) for even m. 
For example, we have
t⋆({4}n) = π
4n
24n(4n)!
2n∑
ℓ=0
(−1)ℓ
(
4n
2ℓ
)
E2ℓE4n−2ℓ;
t⋆({8}n) = π
8n
28n
∑
|ℓ|=4n
E2ℓ1E2ℓ2E2ℓ3E2ℓ4
(2ℓ1)!(2ℓ2)!(2ℓ3)!(2ℓ4)!
iℓ2+2ℓ3+3ℓ4 .
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